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Abstract 

We give a closed formula for volumes of generic hyperbolic tetrahe- 
dra in terms of edge lengths. The cue of our formula is by the volume 
conjecture for the Turaev-Viro invariant of closed 3-manifolds, which is 
defined from the quantum 6j-symbols. This formula contains the dilog- 
arithm functions, and we specify the adequate branch to get the actual 
value of the volumes. 
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1 Introduction 



To determine the volume of a hyperbolic tetrahedron is one of the fundamental 
problem of the hyperbolic 3-space. For orthoschemes, a closed formula is known 
at the very beginning of the hyperbolic geometry. However, closed formulas for 
the volumes of generic hyperbolic tetrahedra are given rather recently by |UK| 
and is modified to more symmetric form in [CTY| . These formulas are given m 
terms of dihedral angles of the tetrahedron. 

In this paper, we give a closed formula in terms of edge lengths instead of 
dihedral angles. The background of this formula is the volume conjecture for 
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hyperbolic 3-manifolds. In |Ka| . R. Kashaev conjectured in a relation between 
certain quantum invariants of hyperbolic knots and the volumes of the knot 
complements of them, and checked it numerically for some examples. In |Mu| . 
H. Murakami observed that such relation also holds for some closed hyperbolic 
3-manifolds. These observations suggest that there is a relation between the vol- 
ume of a hyperbolic 3-manifold and its Turaev-Viro invariant (see ITVp . which 
is a state-sum invariant given by quantum 6j-symbols associated to the tetrahe- 
dra of a simplicial decomposition of the manifold. Indeed, applying Kashaev's 
method to investigating the asymptotics of the quantum 6j-symbols, we get the 
formula for the volume of a hyperbolic tetrahedron. The formula by dihedral 
angles in |MY| also comes from the 6j-symbols in the same way, and it resembles 
so much the formula given in this paper. 

Such similarity comes from the relations in |Mil p. 294] and jSAI p. 311], by 
which the volume function in terms of edge lengths implicitly comes from the 
volume function in terms of dihedral angles. We can apply this method to the 
formula in |MY| . However, to get the actual volumes, we have to specify the 
adequate branches of the dilogarithm functions in the formula. Here we give a 
direct proof of our formula, and show that we can actually compute the voltime 
of any hyperbolic tetrahedron from it. 

Acknowledgement. We would like to thank Professor Yana Mohanty for 
informing the relations in Mi| and |SA| . The second author would like to thank 
the support from the JSPS Postdoctoral Fellowships for Research Abroad 2003. 

2 Volume formulae for hyperbolic tetrahedra 

For complex numbers z, ai, 02, . . . , ae, we first define a complex-valued function 
U = C/(ai, a2, 03, 04, 05, og, z) as follows: 

U := Li2(z) -I- Li2{aia2aia5z) + Li2{aia3a4aQz) + Li2{a2a3a5aez) 

- Li2(-aia2a3z) - Li2{-aia5aez) - Li2 (-0204062;) - Li2(-03a4052) , 

where Li2(-) is the dilogarithm function defined by the analytic continuation of 
the following integral: 




for a real number a; < 1. 



Secondly we define two complex values z_ and z+ as follows: 



Z- 



gi - y/gi " 4 go g2 

2g2 



and Z- 



■+ 



gi + Vgi ~ 4 go g2 
2g2 
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where 




These Z- and 2+ are originally defined in |MYj as two non-trivial solutions of 
dV 

3?(2; — — ) = 0, where means the real part. We will see it (and other properties 
oz 

of Z- and 2:+) in Sectional 

Finally we define a complex-valued function V^(ai, 02, ag, 04, as, ag) as fol- 
lows: 

l/(ai, 02, 03, 04, as, ag) 



Then the following theorem has been proved in |M Y) : 

Theorem 2.1. Ltt T — T{Ai,A2, A3, A4,A^, Aq) be a tetrahedron with dihedral 
angles as shown in Figure^ and let Vol(r) be its volume. Then the following 
equations hold: 

1. if T is hyperbolic, then Vol(T) = —Va, 

2. if T is Euclidean, then Va = 0, and 

3. if T is spherical, then Vol(T) = —^/— \ Va, 



We can easily see that both z^ and z+ have the following simpler presenta- 
tions in this case: 




where Va ■= V{e 




e 





qA 
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Figure 1: Dihedral angles and edge lengths of a tetrahedron 



where 

_j_ py^{Ai+A2+Ae) _|_ pV^iAi+As+As) _j_ ^V^iA2+A3+Ai) _j_ ^V^lAi+As+Ae) 
_j_ gV^iAi+A2+A3+A4+A5+Ae) 

and is the Gram matrix in terms of dihedral angles defined as follows (precise 
definition will be seen in Section 



Ga 



/ 1 — cos Ai — cos A2 — cos Ae\ 

— cos Ai 1 ~ cos A3 — cos A5 

— cos A2 — COS ^3 1 — COS A4 

\— COS — COS A5 — COS A4 1 J 



(2.1) 



The original proof of Theorem 12.11 was to show the equivalence to Cho-Kim's 
formula in jCK| . and now there are several different proofs and formulations 

(see iDmnii). 

The main purpose of this paper is to give a proof of the following theorem : 

Theorem 2.2. Let U he the length of the edge corresponding to a dihedral angle 
Ai (see Figure^ again) , and we denote by T — T(^i, ^2, ^3, ^4, ^5, ^e) hyperbolic 
tetrahedron with edge lengths U. Then the following equation holds: 



where Vi := V{—e^' 
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We here note that, in this case, both z_ and z+ have the following simpler 
presentations: 



— f sinh li sinh 1^ + sinh I2 sinh ^5 + sinh I3 sinh Iq — \/ det Gi\ , 
Qi \ I 



2 

z_ = 

Zj^ — — ( sinhZi sinhZ4 + sinh/2 sinh/5 + sinh^a sinhZg + \/ det Gi ) , 



where 

— e('l+'4) ^ g(i2+i5) ^ g(i3+i6) 
_ g(il+i2+i3) „ g(il+i5+i6) _ g(i2+i4+i6) _ g(i3+i4 + i5) ^ g(il +'2 +'3 + i4 + i5 +'6 ) 

and G; is the Gram matrix in terms of edge lengths defined as follows (precise 
definition will be seen in Section |2J|: 



I ■- 



I — f — cosh/4 —coshes — cosh^aX 

— cosh/4 — f — cosh/g — cosh/2 

— cosh/5 — cosh/g — f — cosh/i 
y— cosh/3 —cosh/2 — cosh/i — f J 



(2.2) 



3 A relationship between dihedral angles and 
edge lengths of a hyperbolic simplex 

Unlike Euclidean one, in hyperbolic geometry the dihedral angles and the lengths 
of the edges of a simplex is closely related each other. In this section we review 
two well-known aspects of the relationship, namely we review how to obtain 
dihedral angles from edge lengths, and vice verse. See, for example, [AVSL ILu| 
for details. 

For any n > 3, let (H", (•,■)) be the hyperboloid model of an n- dimensional 
hyperbolic space. For a hyperbolic n-simplex A C H", we denote by {vi}^^^ 
the set of vectors of the vertices, and by pij the length of the edge with end 
points Vi and Vj. Then the following relation holds: 

{v,,Vj) = -coshpij . (3.1) 

We denote by Ui the outward normal vector to the facet (i.e., ri ~ 1- 
dimensional face) opposite to Vi, and by 6ij the dihedral angle between two 
facets with normal vectors Ui and Uj (i.e., two facets opposite to Vi and vj). 
We also define da := tt. Then the following relation holds: 



(3.2) 
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Prom dihedral angles to edge lengths 

Let Ga '■— {{ui, Uj))"^^^ be an (n + 1) x (n + 1) real matrix of signature (n, 1). 
This matrix is called the Gram matrix in terms of dihedral angles, and deter- 
mined independent of the position in H" via (|3.2I) . If rt = 3 and dihedral angles 
are named as in Figure ^ then you can easily check that Ga becomes as in 

Let M be the diagonal matrix with diagonal entries {ui,Vi), and let 
{cAij)"'^li {det Ga)G^^ be the cofactor matrix of Ga, namely CAij ■= 
(— 1)*+-' detGij, where Gij is a submatrix of order n obtained from Ga by re- 
moving the ith row and jth column. Then we have Gi — MGa~^M. So, using 
H3.1|l and {ui,Vi) = — ^ (det Ga) / cai i for any i, we have 

cosh Pi 

(3-3) 

^JCAiiCAj j 

Prom edge lengths to dihedral angles 

The method is just the same as in the previous subsection. Let Gi := 
i{vi,Vj)Y^^^^ be an (n -I- 1) x (n -f 1) real matrix of signature (n, 1). This matrix 
is called the Gram matrix in terms of edge lengths, and determined independent 
of the position in H" via 1)3. If n — 3 and edge lengths are named as in 
Figure m then you can easily check that Gi becomes as in (|2.2|l . 

Let ''~ (det Gi) G;~^ be the cofactor matrix of G;. Then, using 

H3.2|) and {ui,Vi) = — -y/ (det GCj/cm for any i in this case, we have the following 
relationship between 9ij and edge lengths: 

Remark. We already know a volume formula Theorem 12. II in terms of dihedral 
angles. So combine it with (|3.4|) and we can theoretically obtain a formula in 
terms of edge lengths. However the formula in Theorem l2 . 21 does not come from 
this procedure, and its proof given in the next section is also independent of 
Theorem O 

4 Proof of the main theorem 

We start this section with checking the details of z_ and z+, most of which are 
already known in |MY| . 



cosg,.- = — ■ (3.4) 



dz 



Proposition 4.1. For each j = " + " or " — we have Zj ^— 



— modulo 
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Proof. Using — Li2(z) = — logfl — z), we have 
dz z 

z —— — — logfl — z) — logfl — z ai 02 04 05) — logfl — z fli 03 04 flg) 
oz 

— log(l — za2 az 05 oe) + log(l + 2 ai a2 03) + log(l + z ai 05 ag) 
+ log(l + z 02 04 ag) + log(l + z 03 04 05) . 

So the following are equivalent: 



(1 + z fli a2 03) (1 + z fli 05 flg) (1 + z 02 04 fle) (1 + z 03 04 05) 







log 

(1 — z) (1 — z fli a2 04 as) (1 — z oi 03 04 ag) (1 — z 02 03 05 Og) 
(1 + z fli 02 a3) (1 + z ai a5 ag) (1 + z 02 04 ag) (1 + z 03 04 05) 
± (1 — z) (1 — z ai 02 a4 05) (1 — z ai 03 a4 og) (1 — z 02 03 05 ag) = . 

When we choose "— " part of the above equation, the following equation holds: 

(1 + z ai 02 03) (1 + z ai 05 ag) (1 + z 02 04 og) (1 + z 03 05) 
— (1 — z) (1 — z ai 02 04 05) (1 — z ai 03 04 ag) (1 — z 02 03 05 ag) 
= z (^2 z^ + gi z + go) ■ 



dU 



Thus Zj is a solution of 3fi(z -^) = 0, namely 3fi(zj 



= 0. 



On the other hand, by the definition of log, the following holds modulo 2 it: 
dU 



3(zj- 



dz 



arg 



) 

(1 + Zj ai 02 03) (1 + Zj Oi 05 ag) (1 + Zj a2 04 a-e) (1 + z^ 03 04 05) 
(1 — Zj) (1 — Zj ai 02 a4 05) (1 — Zj ai 04 ag) (1 — Zj a2 az 05 ag) 



= 0, 



where 9 means the imaginary part. We have thus proved Proposition 14.11 □ 

dU 



Proposition 14.11 means that z 
dU 



^ dz 



the definition, z,- — — 
oz 



_d_ 

da 



dU 



^ dz 

Corollary 4.2. For any i — 1,2, 



can take discrete values. But, by 

j 

is an analytic function in terms of ai, 02, . . . , ag. So 
must be zero. Thus we have the following corollary: 



d 



dU 



,6, we have — — z, — — 



dai 



dz 



= 0. 



□ 



Next we prepare the following proposition: 

dVi 

Proposition 4.3. For each i — 1,2, . . . ,Q, we have 2 — - = Ai modulo tt. 

ok 

dVi 

Proof. Here we only show that 2 — — = Ai modulo tt. Other cases can be shown 
similarly. Using Corollary 14. 21 the following holds for each j = " + " or " — " : 



d_ 

dh 



dU_ 



C/(ai, a2, 03, a4, 05, ae, Zj) - Zj ^ 



log Zj 



— I U (ai, 02, 03, 04, 05, 06, Zj) - Zj — 



04 



f 9C/ 




dU 


dZj_ 


1 904 


H 

Z — Zj 


dz 





d 



9o4 I 9z 



04 



dU 

804 



dU 



log 



i^{z,) 



(mod 2 TT \/^) , 



9C/ 
9z 



\ do4 



1^ 

Z," 9o4 



where ^p{z) and V'l-z) are defined as follows: 



(^(z) := (1 + z 02 O4 Og) (1 + Z O3 04 05) , 

ip{z) := (1 — z oi 02 04 05) (1 — z oi 03 04 oe) . 



Thus the following holds 



9^1 2 dW 



[/(oi, 02, 03, 04, 05, 06, z_) — z_ 



9C/ 



(7 (oi, 02, 03, 04, 05, 06, z+j - z+ — 



log z_J 
log z^ 



2 — ^_|_ 



-(log^-log^) (mod.) 
"^log ^i"-;^H (niod2.). 



(y9(z+)'0(Z-) 
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Now 



) = 5 (ai 02 + 03) (02 + oi 03) X 



(Oi 05+05) (05 + Oi Og) ^C/12 - V^\/qiiQ22 - Q?2^ 



so we have 



2 -TTT- = — 7^ — ioS (mod vr) 

a^i 2 ^(z_)v(2+) 



_ \/qi 1 Q22 ~ C;j2 
— arctan 

Q12 

= ^1, 

where we use ()3.4() at the last equahty. Thus we have proved Pror)osition l4.3l □ 

Wc finally recall the so-called Schlafli's difTerential formula: 

Proposition 4.4 (see, for example, [Mi ). Let T he a hyperbolic tetrahedron 
with dihedral angle Ai and edge length U . Then the following equation holds: 



1 ^ 

dVol(T) = -- Y^^AA, 



1=1 



Proof of Theorem \2.'A Let W — W{T) be the right-hand side of the formula. 
Since W{T) is represented by the edge lengths symmetrically, and the edge 
lengths can be represented by the dihedral angles symmetrically as in (|3.3|l . all 
we need to show are, by the Schlafli's differential formula, the following two 
facts: 

dW _ h 
^' ~ ~ 2"' 

2. At some value T of a hyperbolic tetrahedron, W{T) is actually its volume. 



Using Proposition 14.31 the former one can be shown as follows: 
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dAi 



dW 



dVi 
dAi 



dVi 
dAi 



A f dk dVi , , 
^AdA^ dk ^ ' 




dVi 
dA^ 

_h 
2 
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E 



Since both W{T) and Vol(T) are analytic function with variables Zi, Z2, • ■ • , hi 
the result obtained above means that the difference between W{T) and Vol(r) 
is a constant independent of /i, Z2, • • ■ , ^6- 

For the proof of the later one, let Tp be a hyperbolic regular tetrahedron 
with all edge lengths being p, and we consider a sequence of such tetrahedra 
shrinking to a point. Then clearly lirn Vol(rp) = 0. 

On the other hand, we have the following equations in this case: 



where the third equation follows from Proposition 14.11 and the last one from 
Proposition 14.31 Thus the following equation holds: 




U 



3 (cosh p + 1) ± ^/~A^\J (coshp — 1) (3 coshp + 1) 

2 e^P (2 cosh p - sinh p+l) ' 
Li2(zj) + 3 U2{e^Pzj) - 4 U^ie^^Zj) , 

-V^{arg(l - Zj) + 3 arg(l - e^^Zj) - 4 arg(l - e^^z^)} 
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W{Tp) = ^|{Li2(z-) - Li2(z+)} + 3 {U2{e^Pz^) - U2{e^Pz+)] 
-4{Li2(e3''z_)-Li2(e3''z+)} 

+ \/^{arg(l - z_) + 3arg(l - e^^z^) - 4arg(l - e^''z_)} logz_ 
- V^{arg(l - z+) + 3arg(l - e'^Pz+) - 4arg(l - p z+)]\ogz+^ 

3 ^ V(coshp+l)(3coshp+l) ^ ^ \ 

\ cosh (0 / 

= {Li2(z_) + 3Li2(e4''^_) - 4Li2(e3''z-)} 

+ {arg(l - z_) + 3arg(l - e'*''z_) - 4arg(l - e^''z_)} log|z_|| 

- 3 p f arctan V(co^hp + 1) (3 coshp +2) ^ ^ \ ^ 
\ cosh p J 

where we used the fact z+ = ~ in the last equation. 

When p converges to 0, then z_ converges to 1, a branch point of Li2(2:). 
However this convergence is not spiral because for any p > 0. So we 

have 

limQ{Li2(z_) + 3Li2(e4''z_) -4Li2(e^''z_)} =0. 
Furthermore we have 



-x/3e2p + 2e^ + 3 

arg(l — z^j ~ arctan ; 



2e5p + 6e4p + 12e3p + 12e2p + 9eP + 3 ' 



ip . , V3e2p + 2eP + 3 

arg 1 — e Pz^j — arctan 

' eP + 3 



n 3p N , -V3e2p + 2eP + 3 

arg 1 — e Pz_ ) = arctan . 

' 2e2p + 3eP + 3 

Thus we conclude as follows: 

lim |arg(l - z_) + 3arg(l - e^^z-) ~ 4arg(l - e^''z_)| log|z_| = . 
p— ►o 

Finally we have 



^.^ ^(coshp + 1) (3 coshp +1) ^ 2^ 
p^o cosh p 

and arctan 2a/2 is actually the dihedral angle of the Euclidean regular tetrahe- 
dron. 

Thus we have lim W{p) — and finished the proof of Theorem 12.21 □ 

p^O 
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